ABSTRACT. A method is suggested for solving the chiral equations (czg,zg-1),x + (c~g,~g-~),~ = 0, where 9 belongs to some Lie group G. The solution is written out in terms of harmonic maps. The method can be used even for some infinite-dimensional Lie groups.
In mathematical physics, the chiral equations are one of the most important systems of differential equations. Here SU(N)-inv&riant models are most popular. General relativity primarily deals with the chiral equations for the groups SU(1, I), SU(2, I), SL(2, R), etc. [1] . Belinskii and Zakharov [2] suggested one of the first approaches to solving these equations on the basis of the inverse scattering method. They found a Lax pair representation for the chiral equations and used the inverse scattering method to obtain the solutions. An equivalent approach, based on a polynomial ansatz, was suggested in [3] , where we used the generalized B~cklund transformation to find exact solutions of the chiral equations.
Recently, Hussaln [4] showed that the equations of self-dual or antiself-dual gravity can be reduced to a system similar to the chiral equations; however, the group that occurs there is infinite-dimensional, the bracket algebra is replaced by Poisson brackets, and none of the cited methods applies in this case. In the present paper we generalize the method of harmonic maps for solving the chiral equations to the case of arbitrary Lie groups. All solutions obtained by the inverse scattering method or with the aid of the B~icklund transformations can be derived by our method for an appropriate choice of harmonic map. For example, all solutions found by the inverse scattering method in general relativity can also be obtained by our method (see [5] ). Moreover, the method of harmonic maps leads to a natural classification of the solutions (which can be described in terms of arbitrary harmonic maps) and can be used even for infinite-dimensional groups.
Let g be a mapping g : C | C --~ G, g ~ g(z, ~) E G, where G is a paracompact Lie group. The chiral equations for g, (c~g,=g-1),i + (~g,~g-z),z = 0,
( a ~ = det g) form a system of coupled nonlinear second-order partial differential equations, which occur in various areas of physics. Usually, g(z, ~) is specified in terms of a representation of G. It is worth noting that the chiral field equations can be obtained from the Lagrangian formalism with the Lagraaglan s = c~ tr(g,,g -lg,'g-I).
This Lagranglan describes a topological quantum field theory with gauge group G. It is very important to know an explicit expression of elements g E G in terms of the local coordinates z and ~. Let Gc C G be a subgroup such that c,z = 0 and c,~ = 0 for c EGc. Then Eq. (1) is invariant under the left action Lc of Gc on G. In this case we say that the chiral field equations (1) are Gc-i~vav/~. 
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Let G be the Lie algebra of G. The Maurer-Cartan form wg = Lg-I,(g) is a G-valued 1-form on G, wg E T;G | G (here TzM is the tangent space to a manifold M at a point x). Consider the mappings
Since g is specified in a representation of G, we can rewrite the 1-form w(g) = wg as
Now we can define a metric on G in the standard way. It follows from (5) that the tensor
specifies a metric on the tangent bundle of G.
Theorem 1. The submanifold S C G of solutions of the chiral equations is a symmetric manifold with metric (6).
This theorem was proved by Neugebauer and Kramer [6] ; we only give a sketch of the proof.
Proof. Let {A ~ }, a = 1,..., n, be a local coordinate system on the n-dimensional differential manifold G. The Maurer-Cartan 1-form w in these coordinates can be represented as
where V~ is the covariant derivative corresponding to the metric (6) . One can readily observe that
Equation (9) can be used to evaluate the Riemannian curvature N corresponding to (6):
where [a, b] stands for index commutation. This is possible since G is a paracompact manifold. It follows that V~=0.
[]
Proof. By evaluating the trace of the chiral equation, we obtain a,,~ = 0. [] In the following we explain how to calculate the chiral field explicitly. Let Vp be a complete totally geodesic submanifold in G, and let {Ai}, i = 1,..., p, be a system of local coordinates on Vp..In fact, lip is a subgroup in G, and since Vp is a complete totally geodesic submanifold, it is symmetric. The symmetries of G and lip are in fact isometries, since both manifolds .are paracompact manifolds with Riemarmian metrics (6) 
ijk where the F}k are the Christoffel symbols of the metric i.l and the A i are the totally geodesic parameters on Vp. In terms of A i , the chiral equations read
where V~ is the covariant derivative on Vp. Equation (12) is the Killing equation on Vp for the components of Ai. Since the manifold Vp is given, we know its isometries and hence its Killing vector space. Let {s, s = 1, ..., d be a base of the Killing vector space of Vp, and let F" be a base of the subalgebra corresponding to Vp. Then
$ where ~ = )~j ~. ~-. The covariant derivative on V v is given by
where the Ai satisfy the integrability conditions
that is, have a purely gauge form. The left action L : Gc x G --~ G of Gc on G must be specified appropriately, so as to preserve the properties of the elements of S.
Given {~,} and {FS}, we could integrate the elements of S, since Ai(g) E ~ can be mapped into the group with the aid of the exponential map. The difficulty is that one cannot map all elements successively. Fortunately, the following assertion is valid.
Proposition 3. Let us write A~ ,-, Ai if and only if there exists a c E G~ such that A c = A o L~. Then ,,~ is an equivalence relation.
The proof is obvious. [] The equivalence relation ,-~ partitions {Ai} into the equivalence classes [Ad. Let TB = {[Ad} be a set of representatives of these classes. We now map the elements of TB C ~ into S by the exponential map. Let B = {9 E S [g =exp(Ai), Ai E TB} C G. Then B C S, since the A~ satisfy thechiral equations. The structure of all these sets is described in the following theorem.
Theorem 2. (S, B, r, Go, L) is a principal bundle with projection zr(Lc(g)) = g; L(c, g) = Lc(g).
Proof. The fibers of G are the orbits of Ge on G, namely, Fg = {g' E G [ g' = Lc(g)}, g e B. The topology of B is induced from the topology of G. Consider the bundle aF = (Ge x U.., Ua, rr), where {Ua} is an open cover of B.
Lemma I. The bundles aF and a = (~-l(Ua) , U~, ~rl~r_,(Ua)) are isomorphic.
Proof of the lemma. The mapping = {o e s I o' = LcCg), g co x u=, g' -, = (c, 0), is a homeomorphism, and 7rl~r_,u ~ (9') = g = 7r2 o r By Lemma 1, the bundle a is locally trivial. To complete the proof of the theorem, it suffices to show that the Go-spaces (S, Go, L) and (Go x Ua, Go, 5) are isomorphic, but this is obvious, since
The theorem is thereby proved. [] Let us use Theorem 2 to describe the method of harmonic maps. a) For given G-invariant chiral equations (1), we choose a symmetric Riemannian space Vp with a d-dimensional isometry group H C G, p < rt = dim G. b) We use Eq. (14) to find a representation of the corresponding Lie algebra ~ compatible with the commutation relations for the Killing vectors. c) We rewrite the matrices Ai(g) explicitly in terms of the geodesic parameters of the symmetric space vp.
d) We find the equivalence classes in {A~} by using Proposition 2 and choose a set of representatives. e) We map the chosen Lie algebra representatives into the group. The solutions can be constructed by using the left action of the group Gc on G. Let us consider an example. Let G = SL(2, R). a) We choose a one-dimensional symmetric space V1 with i.l = dA 2 . This is a Riemannian symmetric space with a single Killing vector.
b) The algebra sl(2, R) is the set of real 2 x 2 matrices with zero trace. The Killing equation reduces to the Laplace equation (aA ,),, + (ors ~),, = 0. c) By using (14), we obtain g,~,g-1 = A = const.
d) The set of representatives of equivalence classes of traceless real 2 x 2 matrices {A~} is (cf. [7] )
e) The mapping of the Lie algebra representatives can be found by integrating the matrix differential Note that g' is also a solution of the chiral equations. By choosing another manifold V2, we can find another class of solutions. The manifold V2 is conformally flat, and so the metric on V2 has the form 
(~6)
We must set k = -1 to obtain the commutation relations for sl ( Thus, for any solution (18) of (17) we find a new solution of the chiral equations for SL(2, R). A general integration algorithm that applies even to the Lie algebra sl(N, R), is given in [8] . An explicitly solvable example for SL(4, R) can be found in [91.
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